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1 A survey showed that 40% of investors invest in at least two companies in order to
diversify their risk.

Calculate an approximate probability that more than 100 investors have invested in at

least two companies in a random sample of 300 investors. [3]

2 Let X, X5, ..., X, be a random sample consisting of independent random variables
with mean u and variance 62. Consider the sample mean:

5% E?=1Xi

(i)  Derive the expected value of X. [1]
(ii))  Derive the variance of X. [2]
(ili) ~ Comment on the variance of variable X as compared to the variance of X;. [1]

An actuary is interested in exploring the difference in the size of claim losses from
two insurance portfolios, and can take samples of claims from these portfolios.

(iv)  Explain how the answer to part (ii1) can affect the precision of the actuary’s
comparison. [2]
[Total 6]

3 The table below shows the annual aggregate claim statistics for three risks over four
years. The annual aggregate claim for risk 7, in year j, is denoted by Xj;.

4 4
iskr |52 38| ot =3 31, ]
j=1 j=1
1 2,109 3,959,980
2 6,152 7,543,626
3 3,016 3,151,286

(1) Calculate the value of the credibility factor for Empirical Bayes Model 1. [4]

(i1) Comment on how each of the following features of the data affects the value of
the credibility factor calculated in part (i):

(a) the number of years of data
(b) the variance of the claim amounts.
[2]
[Total 6]
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4 X and Y are discrete random variables with joint distribution as follows:

X=0 X=1 X=3
Y=-1 0.08 0.03 0.00
Y =0 0.03 0.12 0.20
Y=3 0.11 0.11 0.06
Y=45 0.04 0.20 0.02

(1) Calculate:

(a) EY|X=1)
(b) Var(X | Y =3).
[5]

(i1) Calculate the probability functions of the marginal distributions for X and Y.

[2]

(iii))  Determine whether X and Y are independent. [2]
[Total 9]
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5 An insurance portfolio has a set of n policies (i = 1, 2, ..., n), for which the company
has recorded the number of claims per month, Y;, for m months (j=1,2, ..., m). It
is assumed that the number of claims for each policy, for each month, are independent
Poisson random variables with E[Y;;] = lL;;. These random variables are modelled
using a simple generalised linear model, with log(l;;) = B, for i=1,2,...,n).

(1) Derive the maximum likelihood estimator of ;. [4]

(11) Show that the deviance for this model is:

[4]

The company has data for each month over a three-year period. For one policy, the
average number of claims per month was 18.95. In the most recent month for this
policy, there were seven claims.

(i11))  Determine the part of the total deviance that comes from this single

observation. [2]
[Total 10]
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6 An actuary is asked to check a linear regression calculation performed by a trainee.

The trainee reports a least squares slope parameter estimate of b = 13.7 and a sample
correlation coefficient » = —0.89.

(1) Justify why this suggests that the trainee has made an error. [2]

In a different simple linear regression model, a histogram of the residuals is shown

below.
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(i1) Comment on the validity of the assumptions of the linear model. [2]

The following pairs of data are available:

X 0 1 2 3 4 5 6 7 8 9

y | =135 | 496 | —9.20 | —13.15 | —-16.70 | =21.23 | =25.14 | —28.44 | =33.68 | =37.39

for which

10 10

y= 19124, 3 (v,-7)=1329.523, 3 (x,-¥)' =825,
i=1 i=1

10

3 (x, - %) (3, ¥)=-331.05

i=1

A linear model of the form y = o + Bx + € is fitted to the data, where the error terms
(¢) independently follow a N(0, 62) distribution, and where o, B and 62 are unknown
parameters.

(iii))  Determine the fitted line of the regression model. [3]

(iv)  Calculate a 95% confidence interval for the predicted mean response if x = 11.

[5]

(v) Comment on the width of a 95% confidence interval for the predicted mean
response if x = 3.5, as compared to the width of the interval in part (iv),

without calculating the new interval. [2]
[Total 14]
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7 An actuary has designed a new product to insure luxury apartments. If there is
a claim, her insurance company pays a fixed sum of £1 million per claim. The
probability of a claim on a policy in a given year is 0 and the probability of more than
one claim on a policy in any given year is zero. The actuary’s prior beliefs about 0 are
given by a Beta distribution with parameters a =3 and b = 5.

In the first year, the company insured 300 apartments and in the second year it insured
300 + x apartments, where x is an integer. In year 1 the total amount of claims was

£39 million, while in year 2 it was £60 million.

(1) Show that the posterior distribution of 0 is Beta with parameters 102 and
506 + x. [7]

(11) Derive the Bayesian estimate of 0 in terms of x, under quadratic loss. [2]
(ii1))  Derive the Bayesian estimate of 0 in terms of x, under all-or-nothing loss. [4]
(iv)  Justify that, in this case, the Bayesian estimate of 6 cannot be the same under

quadratic and all-or-nothing loss. [2]
[Total 15]
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A city is experiencing a high crime rate, particularly burglaries. A sample of 100

streets is taken, and in each of the sampled streets, a sample of six similar houses
is taken. The table below shows the number of sampled houses, x, which have had
burglaries during the last six months, and the corresponding frequency, f, in terms of

number of streets.

Number of houses burgled, x

0

1

2

Number of streets, f

39

36

19

It is assumed that the number of sampled houses per street that have been burgled
during the last six months follows a Binomial distribution, i.e. X ~ Bin(6, p).

(1) State any assumptions needed to justify the use of a Binomial distribution

for X.

[2]

(i1) Show that the maximum likelihood estimate of p, the probability that a sample

house has been burgled during the last six months, is p = 0.1583. [5]

(iii))  Determine the fitted values of the Binomial model using the estimate of p from

part (ii).

[2]

(iv)  Comment on the fit of the model in part (iii), without doing any formal tests.

[1]

An insurance company works on the basis that the probability of a house being

burgled over a six-month period is 0.13.

(v) Perform a test to investigate whether the Binomial model with this value of p

provides a good fit for the data.
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[Total 17]
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9 An actuary wants to model a particular type of claim size and has been advised to use
a Gamma distribution with probability distribution function:

a-1 _2*
fx,0,0)= ¢ 0, 0<x<ow, 0>0, 06>0.
'(o)8”
(1) Show, using moment generating functions, that:

(@ EX)=a8
(b)  EWX? =o(o+ 1)02
() EX3)=o(a+ 1)(o+2)63
[3]

The shape parameter alpha is assumed to be o = 4.
(i1) (a) Determine the variance of the claim size distribution in terms of 6.

(b) Calculate the coefficient of skewness of the claim size distribution,
which is defined as:

E|(x - E(v))’]

{E](x-EC0) ]

1.5

[4]
Let X;, X,, ..., X, be a random sample of n claim sizes for such claims.
(iii))  Show that the maximum likelihood estimator (MLE) of 0 is given by:
0= % [3]
(iv)  Show that é is an unbiased estimator of . [1]
A sample of n = 100 claim sizes yields Y x,=796.2and ¥ x7 =8,189.4.
(V) Calculate the MLE of 6. [1]

(vi) (a) Calculate the sample variance.
(b) Compare the result in part (vi)(a) with the variance of the distribution

evaluated at 0.

[2]
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The sample coefficient of skewness is given as 1.12.

(vil) Comment on its comparison with the coefficient of skewness of the
distribution, calculated in part (ii)(b). [1]

(viii) Calculate an appropriate 95% confidence interval for 0 by using an
approximate 95% confidence interval for the mean of the distribution of the
claim size. [3]

(ix) (a) Determine the variance of the distribution of 8 at both lower and upper
limits of the confidence interval calculated in part (viii).
(b) Comment on the result in part (ix)(a) with reference to your answer in
part (vi)(a) above.
[2]
[Total 20]
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